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Basic Development of Hybrid Finite Element Method
for Midfrequency Structural Vibrations

Nickolas Vlahopoulos* and Xi Zhao!
University of Michigan, Ann Arbor, Michigan 48109-2145

The theoretical development of a hybrid finite element method is presented. It combines conventional finite
element analysis (FEA) with energy FEA (EFEA) to achieve a numerical solution to midfrequency vibrations. In
the midfrequency range a system comprises some members that contain several wavelengths and some members
with just a few wavelengths within their lengths. The former are considered long members, and they are modeled
by the EFEA. The latter are considered short, and they are modeled by the FEA. The new formulation is based
on deriving appropriate interface conditions at the joints between sections modeled by the EFEA and the FEA
methods. The formulation for one flexural degree of freedom in colinear beams is presented in this fundamental
development. The excitation is considered to be applied on a long member, and the response of the entire system
is computed. Uncertainty effects are imposed only on the long members of the system. Validation cases for several
configurations are presented. They compare closed-form analytical solutions to numerical results produced by the
hybrid finite element method. Good correlation is observed for all analyses. The resonant behavior of the short
members is captured correctly in the response of the system.

Introduction

HE utilization of numerical methods for structural vibrations
in aerospace applications is important because it can reduce
development time and lead to better-quality products. The perfor-
mance of alternative designs can be determined through simulations
in both aircraft!~* and launch vehicle dynamic applications.”~® The
frequency spectrum where simulation methods can be utilized for vi-
bration analysis can be divided into three regions: low, mid, and high
frequency. The low-frequency region is defined as the frequency
range where all components are short with respect to a wavelength
(short members). Short members respond with low modal density,
and resonant effects are dominant. No uncertainties with respect to
the natural frequencies or the dimensions of the short members are
considered. Conventional finite element analysis (FEA) is a practical
numerical approach for simulating low-frequency vibrations.®~!!
The high-frequency region is defined as the frequency range
where all component members of a system are long with respectto a
wavelength. Statistical energy analysis (SEA)'?~'¢ and energy FEA
(EFEA)!"~2 can be used for vibro—acoustic simulations at high fre-
quencies. SEA is an established approach for high-frequency anal-
ysis. In SEA, the vibro—acoustic system is divided into subsystems
of similar modes. The lumped averaged energy within each sub-
system composes the primary SEA variable. EFEA is a recent de-
velopment for high-frequency analysis.!”2* In EFEA, the primary
variable is defined as the time- and space-averaged energy density.
The governing differential equations are developed with respect to
the energy density, and a finite element approach is employed for
the numerical solution. Both methods provide meaningful results
for the ensemble-average response?* when all of the members in the
system have high modal density. They represent a modal (SEA) and
a wave approach (EFEA) for addressing high-frequency analysis.
The midfrequency region is defined as the frequency range where
some of the components of a system are long and other members
are short. In the midfrequency range, the FEA method requires a
prohibiting large number of elements to perform an analysis due
to the presence of the long members. The formulations of the en-
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ergy methods (SEA and EFEA) contain assumptions that are valid
when all components of a system have high modal density. Based
on the condition of high modal density, the SEA formulation con-
siders the normal modes within a frequency band as equally spaced,
containing the same amount of energy, and demonstrating an equal
amount of damping.!s The condition of a small wavelength with
respect to the dimension of a member in the EFEA is equivalent to
the condition of high modal density in SEA. The requirement for
small wavelength in the EFEA allows to neglect near-field effects
in the wave solution during the development of the governing dif-
ferential equations. Thus, the energy methods cannot capture the
resonant effects in the behavior of a system in the midfrequencies.
The resonant effects are generated from the presence of the short
members.

In the energy methods, the amount of power transferred between
members at a joint is defined in terms of coupling loss factors (in
SEA) or power transfer coefficients (in EFEA). The process that
computes the values of the coupling loss factors or the power trans-
fer coefficients employs analytical solutions of semi-infinite mem-
bers to define the power transfer characteristics of each joint.>® The
computations are meaningful when the members connected at the
joint have high modal density. The requirement for high modal den-
sity is necessary because the information produced by the analytical
solutions of the semi-infinite members captures the characteristics
of power flow between members when the members demonstrate an
equal amount of coupling between their normal modes. If large dif-
ferences exist in the power flow due to the distinct resonant behavior
of the short members, then the power transfer characteristics can-
not be captured properly from analytical solutions of semi-infinite
members. In addition, the behavior of the short members cannot
be captured correctly by the energy methods because the resonant
effects that are important for the overall behavior of a short member
are neglected in the current form of the energy methods.

In the past, conventional finite element models have been em-
ployed to determine the SEA coupling loss factors®s~3! or the EFEA
power transfer coefficients? instead of the analytical solutions of
semi-infinite members. Specifically, SEA coupling loss factors have
been computed through finite element computations for assemblies
of fully connected plates,*s* for beam junctions,? for interfaces
between structural and acoustic subsystems,*® for the sound trans-
mission between walls in a building,® and for connections be-
tween rods.>! EFEA power transfer coefficients have been computed
through finite element computations for spot-welded connections.?
The rationale in all of these developments is to employ conventional
FEA because FEA can capture the coupling mechanism when the
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connection between members presents a complexity that cannot be
accounted for by the analytical solutions of semi-infinite members.
The approach of utilizing FEA for computing the power transfer
characteristics is the only computational option for complex or dis-
continuous joints, and this approach provides an alternative to eval-
uating the power transfer characteristics through testing.

An approach based on creating a statistical Green kernel for a
boundary element formulation for assembled rods and beams in
the midfrequency range has been presented.** The statistical Green
kernel is constructed based on random mechanical constants. The
fundamental solution is then considered as a random function. A
direct boundary element approach is employed to achieve numerical
solution. Examples of analyzing a single rod, two colinear rods, and
a single beam were presented.*

The concept of combining an FEA and an SEA formulation for
developing a hybrid approach has been presented.** The lack of
compatibility at the joint between the SEA variables and the FEA
variables became a main issue. An optimization routine was devel-
oped to approximate the compatibility at the joint between the SEA
and the FEA variables.

A fundamentally new formulation is developed here for midfre-
quency analysis. It is based on coupling conventional FEA models
of short members to EFEA models of long members. The ensemble-
average response of the long members and the resonant behavior of
the short members are captured by the new hybrid formulation. The
joints between long and short members are modeled by combining
analytical solutions of semi-infinite members that represent the long
members to FEA numerical models for the short members. Two sets
of data are produced from the developed coupling process. The first
set comprises power transfer coefficients for each EFEA member
at a joint with a short member. The computed power transfer co-
efficients contain the effect of the resonant behavior of the short
members and the damping that can be present in the short members.
The second set of data comprises relationships between the primary
variable of the EFEA model at a joint between long and short mem-
bers and the primary variables of the FEA model at the same joint.
Because the EFEA is based on a wave formulation, EFEA lends it-
self for developing compatibility conditions at a joint with the FEA
model of a short member. The wave solution and the FEA solu-
tion can be coupled through displacement compatibility conditions
at the joint. Another major advantage offered from the wave-based
formulation of the EFEA is the distinction between the energy (and
the power) associated with the left and the right traveling waves.
At a joint between a long and a short member only the energy as-
sociated with the impinging wave contributes to the excitation of
the short member. Thus, when multiple members are connected to-
gether, effects of power reinjection** and indirect power flow>* can
be captured correctly by the hybrid finite element solution.

The power transfer coefficients for joints between long members
are evaluated by the traditional EFEA approach that is based on
analytical solutions of semi-infinite members. The power transfer
coefficients that characterize all of the joints are inserted in the EFEA
global system of equations. Thus, the solution for the long members
accounts for the resonant and dissipative behavior of the short mem-
bers during the flow of power through the system. Once the primary
variables of the EFEA solution have been determined on all of the
long members, appropriate boundary conditions are generated for
the FEA models of the short members. The excitation is considered
to be applied on any long member. When multiple long members
are connected with a short member, the excitations that they apply
on the short member are treated as incoherent. This is appropriate
because by definition the long members contain a large number of
wavelengths within their dimension and their ensemble-average re-
sponse is computed. Numerical solutions of the new hybrid finite
element formulation are compared successfully to closed-form an-
alytical solutions for several combinations of midfrequency ranges
and beam assemblies. Satisfactory correlation is observed between
numerical and analytical results.

Background on EFEA

‘Because the EFEA formulation for high-frequency analysis con-
stitutes an integral component of the new hybrid development, some

background information on the EFEA is presented. Although a va-
riety of members can be represented in EFEA,7~2! only the for-
mulation associated with one flexural degree of freedom of a beam
will be overviewed. It is representative of the EFEA formulation,
and it is necessary for explaining the new midfrequency develop-
ment presented in the following section. The energy density and
the power flow are expressed in terms of the far-field displacement
solution!?-34:

W(x, 1) = (Ae™™* 4 Celk)el®! M

where W(x, ) is the far-field displacement solution (function of x
and 7), A the amplitude of the right traveling far-field wave, C the
amplitude of the left traveling far-field wave, k the complex flexural
wave number of the beam, and w the radial frequency. The energy
density constitutes the primary variable in formulating the governing
differential equation. The energy density averaged over a period can
be expressed in terms of the far-field displacement solution as'®

e)_lEI >w aZW*+1 aw faw " )
T35 | o2 Vo o @
where (e} is the time-averaged energy density, E[ is the flexural
rigidity of the beam, § is the cross-sectional area of the beam, p is
the mass density per unit volume, () indicates time averaging over
a period, and ()* indicates the conjugate of a complex number.

The time-averaged power flow for flexural waves in a beam is also
expressed in terms of the far-field displacement solution!”

1 BW /aw\" 2w /2w "
=~EIRe] — (=) — —( —
(@) =3 e{ axs ( a ) ox <8x8t) I @

where {(g) is the time-averaged power flow.

The far-field displacement [Eq. (1)] can be substituted into Egs.
(2) and (3). By integrating the new expressions over one wave-
length, equations can be derived for the time- and space-averaged
energy density and power flow {e) and () respectively, where the
overbar indicates space averaging over a wavelength. From these
expressions, a relationship can be derived as!”>19-20
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where (g) is the time- and space-averaged power flow, (€) the time-
and space-averaged energy density, 7 the hysterisis damping factor,
and ¢, the phase speed of bending waves. (g} and (€} will be referred
to as power flow and energy density, respectively, in this paper. The
time- and space-averaged dissipated power {[14;) can be associated
to the corresponding energy density?S:

(Maiss) = neo(@) )
An energy balance at the steady state results in'?+19:20
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where Qi) is the distributed input power per unit length over the
beam (function of x). Substituting Eqs. (4) and (5) into Eq. (6)
results in the governing differential equation for the time- and space-
averaged energy density:

+ (@) = (Qin) 0

where c, is the group speed of the bending waves. A finite element
approach is employed for solving Eq. (7) numerically, resulting in*

LESLi{efti = (F°}i +{Q): ®

where superscript e indicates element-based quantities, subscript
i indicates the ith element, {e‘}; is the vector of nodal values for
the time- and space-averaged energy density for the ith element,
LE¢}; is the system matrix for the ith element, { F¢}; is the vector
of input power at the nodal locations of the ith element, and {Q¢);
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is the vector of power flow at the boundary locations of the ith
element. {Q¢}; provides the mechanism for connecting elements
together across discontinuities because at the joint locations the
energy density is discontinuous, and the coupling is achieved by
accounting for continuity in the power flow.

In the conventional finite element formulations, the continuity of
the primary variables of the analysis at the nodes between elements
is utilized to assemble the global system matrix. In EFEA, the con-
tinuity condition applies to the energy density only if the geometry
and the material properties do not change, i.e., in any place other
than the location of a joint. When the energy density is continu-
ous, the element equations (8) can be assembled in the conventional
FEA manner. At positions where different members are connected,
or at locations of discontinuities, the energy density is discontinu-
ous. The corresponding boundary between the elements defines a
joint location. Therefore, during the assembly of the global system
the element matrices do not couple, and the values of the power flow
at the common node do not overlap to cancel each other. Instead,
they remain as variables on the right-hand side of the equation:

e ey, ey, ey,
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A special procedure is used for assembling the element matrix into
the global matrix equations.3> Two interelement nodes are placed
at the joint between two coupled beam elements. Therefore, two
energy density values are present at the joint. In the case of mul-
tiple coupled structural elements, multiple nodes are placed at the
joint. A specialized joint element equation is developed to formu-
late the connection between the discontinuous primary variables at
the joint. The values of the power flow at the interelement nodes
corresponding to the two adjacent elements are expressed in terms

of the corresponding energy densities:
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where subscript ¢ indicates the common node between elements
i and j, and [J ]j. is the joint matrix expressing the mechanism
of energy transfer between elements i and j. Its coefficients are
computed by power transfer coefficients derived from analytical
solutions of semi-infinite members fully connected to each other
and by taking into account the continuity of the power flow across
the joint. Introducing Eq. (10) into Eq. (9) results in
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where [J C]"j is the coupling matrix comprising the coefficients of
[J ]"j positioned in the appropriate locations. Solution to the global
finite element system of equations results in evaluating the distri-
bution of the energy density over the entire system. It has been
demonstrated?® that EFEA computations produce results similar to
SEA solutions® for complex structural systems. Thus, the EFEA
constitutes an attractive alternative for high-frequency analysis to
the established SEA approach. In addition, due to the wave-based
formulation of the EFEA, it is possible to develop appropriate cou-
pling boundary conditions with low-frequency FEA models as pre-
sented in this work. Thus, the EFEA offers a significant advantage in
formulating midfrequency solutions. This concludes the overview
of the current state!’~>*» of numerical methodologies developed
for EFEA.

Development of a Midfrequency Formulation

In the midfrequency range, a system comprises both long and
short members. The challenge stems from the following two obsta-
cles:

1) When an energy approach (SEA or EFEA) is utilized to model
the behavior of the system, the results will be incorrect in the mid-
frequency because the assumptions for high modal density inherent
in both theories are violated by the existence of the short mem-
bers. Consequently, the overall accuracy of the system solution will
deteriorate.

2) If a discrete solution (FEA) is used for the simulation, then the
existence of the long members creates the requirement of having a
large number of elements in the model, and the analysis becomes
infeasible.

The primary concept of the work here is to utilize low-frequency
models (FEA) for deriving energy information for the short mem-
bers and to integrate them with EFEA models presenting the long
members. Because of the presence of the long members in the sys-
tem, the response of all members will remain incoherent inasmuch
as the short members will be subjected to an incoherent excitation
at the points where they are connected to the long members. The
algorithm presented considers the external excitation applied on any
long member. Previous work has demonstrated how low-frequency
vibro—acoustic models can be analyzed when they are subjected to
incoherent excitation.® The EFEA is selected to be coupled with the
low-frequency methods because it is based on a spatial discretization
of the system that is being modeled. Thus, it is possible to develop
appropriate interface conditions at the joints between the primary
variables of the EFEA models of the long members and the FEA
models of the short members.

In this section, the concept of combining conventional FEA with
EFEA is developed theoretically for one flexural degree of freedom
in systems of colinear beams. The connection between the long
and short members is considered to exhibit the same characteristics
as a connection between a semi-infinite member with structural
properties identical to the long member and the actual short member.
Representing a long member as semi-infinite during the derivation
of the power transfer characteristics of a joint is consistent with
the EFEA formulation of joints between long members and with
the derivation of SEA coupling loss factors from wave solutions
of semi-infinite members. In the joint formulation of the hybrid
method, the short member (which is modeled by finite elements)
does include damping; thus, both the resonant and the dissipative
characteristics of the short members are captured in the derivation
of the power transfer coefficients. Two objectives are accomplished
from the hybrid joint formulation.

First, the effect of the short members on the behavior of the long
members is accounted for by deriving a relationship between the
amount of power flow and energy density at all joint locations be-
tween long and short members. The resonant and damping charac-
teristics of the short members, the boundary conditions imposed on
the short members, and the frequency of the analysis impact the com-
putations. The relationship between the power flow and the energy
density at a joint is employed for deriving the EFEA power transfer
coefficients for the long members at the joints with the short mem-
bers. The power transfer coefficients of the long members derived
by the hybrid joint formulation account for all of the characteristics
of the short members.

Second, the energy density of the wave impinging from a long
member at a joint with a short is associated to the displacement and
slope of the short member. Thus, the energy distribution over the
long members dictates appropriate boundary conditions imposed on
the low-frequency analysis of the short members. The response of
a short member subjected to excitation imposed at its joints with
multiple long members is computed by considering the reverberant
nature of the vibrational field present in all of the long members.

The overall hybrid finite element formulation can be divided into
three sections.

The first section is the hybrid formulation of a joint between long
and short members. The relationship between the power flow and
the energy density at the joint between a long and a short member
is formulated. The EFEA power transfer coefficients for the long
member are derived. The capability of the short member to dissi-
pate energy is taken into account during the derivation of the power
transfer coefficients. During the same computational process, a re-
lationship is also developed between the primary variables of the
FEA formulation of the short member and the primary variable of
the EFEA formulation of the long member at the common joint. The
relationship between the primary variables of the two formulations
provides the mechanism of prescribing excitation on the short mem-
bers. Because only one wave type in colinear beams is considered in
this basic development, up to two long members can be connected
to a short one.
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The second section is the numerical solution for the long mem-
bers. The global EFEA system matrix is assembled for all of the
long members. Power transfer coefficients derived from analytical
solutions of semi-infinite members are utilized for generating the
coupling matrix [JC ]j- between long members. Power transfer co-
efficients derived from the hybrid joint formulation are employed
for evaluating the coupling matrix [JCY; for the long members that
are connected to short ones. The external excitation is considered
to be applied on long members, and the EFEA solution for all of
the long members is computed. The influence of the short members
on the behavior of the long is captured through the EFEA power
transfer coefficients computed from the hybrid formulation of the
joints between long and short members.

The third section is the numerical solution for the short members.
The EFEA solution of the long members provides the EFEA pri-
mary variables at the joints between long and short members. The
EFEA energy density at the joints is employed for determining the
boundary conditions imposed on the FEA primary variables of the
short members. Because of the wave-based approach of the EFEA
formulation, the amount of energy associated only with the wave
impinging in the joint can be identified from the energy density that
constitutes the primary variable of the EFEA formulation. Only the
energy associated with the impinging wave is employed for defining
the excitation exerted on the short member. Thus, it is possible to ac-
count for power reinjection effects when multiple long members are
present in the system. When multiple long members are connected
to a short member, the boundary conditions that they impose on
the short member are treated as incoherent because they originate
from the reverberant fields that exist within each one of the long
members. The boundary conditions imposed on the short members
ensure continuity of power flow between all of the members.

Hybrid Formulation for a Joint Between Long and Short Members
A finite element discretization is utilized for modeling the short
member. The equation of motion can be written in matrix form as

L=’ M1+ io[C]+ [K1){u} = (R} + {F&}
= [ST]{u} = (R} + {F&} (12)

where [M1], [C], and [K] are the mass, damping, and stiffness ma-
trices, respectively; {u} is the displacement of vibration; [ST] is the
global structural system matrix including the mass, damping, and
stiffness effects; {R} is the vector of reaction forces and moments
imposed by supports; and {Fy} is the vector of external forces ap-
plied at the boundaries of the member by the adjacent long members.
Equation (12) can be partitioned into the degrees of freedom at the
interface with the long members and the remaining degrees of free-
dom. Because the current development accounts for one bending
degree of freedom in colinear beams, the maximum number of long
members connected to a short is two. Therefore, the equations of
the hybrid joint formulation are presented for the case of two long
members connected to a short member. Because the FEA method is
employed to model the short members, several of them can be con-
nected to each other and placed between long ones. There is no inher-
ent limitation in extending the concept developed to a large number
of long members and degrees of freedom. Partitioning Eq. (12) for
a short member results in
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where the subscript m corresponds to the displacement u,, and its
derivative du,, /dx at the left joint with a long member; the subscript
n corresponds to the displacement «,, and its derivative du, /dx at the
right joint with a long member; F,,, M,,, F,, and M,, are forces and
moments exerted from the long members on the short member at the
two joint locations; subscript 1 corresponds to the FEA degrees of
freedom at the joints; subscript 2 corresponds to the remaining FEA

degrees of freedom, and {R,} are the forces and moments applied
by external excitation or supports on the FEA degrees of freedom
at any location other than the joints. At the current state of the
development, no excitation forces are considered to be applied on
the short members; thus, { R, } = {0}. From the lower part of Eq. (13),
{u>} can be expressed in terms of the FEA degrees of freedom at the
joints and then substituted in the upper part. This results in
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du, M,
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where [§]= |[ST11] = [ST12][STx] ' [ST5,]] is the condensed FEA
system of equations.

The interaction forces and moments F,,,, M,,, Fy,, and M, between
the long and the short members at the two joints can be expressed in
terms of the primary variables of the FEA formulation at the joints
and the entries of matrix [S]:

du,,, dun

Stitm + Slzﬁx— + Si3un + Si4 o F,
dup du,

St + Szz—a; + Snn + S o M,

dum du,,
S31Um + S323 + S33u, + Sz . = F,

du,
dx
where S;; is the entry in the ith row and jth column of matrix [$].

The system of Eq. (15) constitutes the foundation for deriving:
1) EFEA power transfer coefficients for the long members that in-
clude the resonant effects of the short members and 2) relationships
between EFEA and FEA primary variables at the joints.

du
Sartym + Sn—d—xﬂ + Sazttn + Saa =M, (15)

Derivation of EFEA Power Transfer Coefficients at Joints Between
Long and Short Members

The formulation of the power transfer coefficients between two
long members connected by a short one is presented. Two semi-
infinite members with no damping are coupled to the FEA model
of the short member. The FEA model includes any damping char-
acteristics present in the short member. The system of equations
representing the semi-infinite members and the short member is em-
ployed to calculate the amount of reflected and transmitted power
associated with an impinging wave from each semi-infinite member.
By considering a wave incident to the joint from the left semi-infinite
member, the analytical expressions for the two semi-infinite mem-
bers become

Wr:n" (x, t) — w:’n'(x)ei“" — (Aze—ikmx + C'rnneikmx + D'r'r:ek,,.x)eiwr
(16)
W,:” (x‘ t) — w'r‘n (x)eiw! — (C,rlne—ik,,(x ~1l5) + D,rlne~k,,(x—lj))eiwt
a7
where the superscript m is associated with the incident wave; sub-
scripts m and n indicate the left and right semi-infinite members,
respectively; I, is the length of the short member; and constants

A,C, and D are the amplitudes of waves developed within the
semi-infinite members. The wave numbers can be obtained by the

equations
1
w2pmsm )
kyp = | ———
m [ EL (18)
7
(1)2,0,,5,,
ky = | ——2 19
l: El 19

where p is the density, S the cross sectional area, and E I the bending
rigidity.
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Continuity of displacement and slope and equilibrium of force
and moment at the two ends of the short member are expressed in
terms of the displacements and the slopes at the two ends of the
short beam, u)t, du” /dx, «], and du /dx, and the unknown co-
efficients and CJ%, Dy, C7, and D;'. A7, is the amplitude of the
impinging wave, and it is utilized as reference in the computations.
The continuity conditions for the displacement and the slope and
the equilibrium of force and moment at the joints between the
short and the semi-infinite members result in a system of eight
equations between the primary variables of the FEA formulation,
um, dun /dx, uy, and duj} /dx; the unknown coefficients associated
with the refiected wave in the left semi-infinite member (CJ;, Dy);
and the unknown coefficients associated with the transmitted wave
in the right semi-infinite member (C', D). The system of equa-
tions can be expressed in matrix form as

1 0 0 0 -1 -1
0 -1 0 0 ik K
0 0 1 0 0 0
0 0 o0 1 0 0
SmooSmoSmSn ((EDpkd  —(EDnk3
SmooSmooSm S —(EDK  (EDK
S5 S S S 0 0
smoosmoosmoosm 0 0

By solving the system of Eq. (20), each one of the eight unknowns
can be expressed in terms of the coefficient A}, which is associated
with the impinging wave:

du m m " m Aam m m
o~ C, =as Ay, D7 = ag
Cr =aj Ay, DY =ag Ay 21

The power transmission coefficient t,,, is the ratio of the transmit-
ted power over the incident power. The power reflection coefficient
rmm is the ratio of the reflected power over the incident power. Hence,
the power transfer coefficient ,,, for the right member n due to the
incident wave in the left member m is

g EDKolcr]  (EDL|cr
T (EDnk3o|an]”  (EDnky | A7

_ (EDak} ||
(EI) k3,

The reflection coefficient ry, in the left member m due to the inci-
dent wave in the same member is

2
gma _ (EDmkjo|Chl”
G (EDnkdo|an|’
The derivation of the EFEA power transfer coefficients accounts
for the resonant and damping characteristics of the short member.
The constants a and a7 that are directly associated to rp,, and
Tmn, Tespectively, are computed from the solution to Eq. (20), which
includes all of the characteristics of the FEA matrix of the short
member condensed to the interface degrees of freedom at the joint.
By considering an incident wave originating from the right semi-

infinite member, equations similar to Eqs. (22) and (23) are derived
for the power transfer coefficients t,,, and r,,:
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where superscript n indicates wave impinging from the right semi-
infinite member.

Derivation of Relationship Between EFEA and FEA Primary
Variables at a Joint Between Long and Short Members

When two long members are connected by a short member, the
energy density at the edge of the left member at the joint depends
on the right traveling wave and its reflection, but at the same time
it depends on the amount of power transmitted from the other long
member. Thus, the energy density e, at the connection of the left
semi-infinite member to the short member can be written as

- um
0 0 dul 1
0 0 T ik,
-1 -1 un 0
ik, kn dul? 0 Am 20
0 0 d’f,. T iEDLK T 0
0 0 C,:," (EDuk?
I(EDk —(EDG K| | P 0
(ED. K —(EDK| | & -
1] o
o4 -+ Am ot + -
en = ten = ek e = e e (rn i+ Tany )
"
=1+ r,,,,n)e + Tam€, 26)
Cgm Sm

where cgr, is the group speed of the left member and c,, is the group
speed of the right member. In a similar manner,

CemSm

e, =
Cegn Sn

Tuneyy + (1 + run)e; 27

Combining Eqs. (26) and (27) in matrix form results in

et et
(-l oo
e" 'l
Cgn Sn

The values for e,, and e, are computed by the EFEA analysis for
the long members. In the EFEA analysis, the power transfer coef-
ficients at joints with short members capture the resonant behavior
and the dissipation occurring in the short members. The values for
e} and e, are computed by Eq. (28), and they are utilized to pre-
scribe the excitation on the short member. Only the component of
the energy density associated with the wave impinging on the short
member is employed for defining the excitation on the short mem-
ber. The excitation applied from each long member on the short
member is considered as incoherent because it originates from the
reverberant field of each long member. The energy densities ¢} of
the impinging wave from the left semi-infinite member can be as-
sociated with the amplitude of the wave as

CgnSn
—<"Tam
Cem Sw

Tan (14 1an)

{em] (0 + rom)

en ComSm

2
= ton?|a7] 9

Equations (21) and (29) can be employed to develop relation-
ships between the FEA primary variables at the two ends of the
short member and the amount of energy density associated with the
impinging wave at the joint:

4

dm
m-—alA'" —duT_aZAm
dm
m o gm AT L (30)
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Fig. 1 Flowchart of the hybrid computational process.

The relative phase information within the short member is retained
in the computations because the constants a]" have complex values.
In a similar manner, by considering the impinging wave from the
right semi-infinite member, a set of relationships can be developed
between the EFEA energy density associated with the impinging
wave at the edge of the right long member at the joint and the FEA
primary variables at the two ends of the short member:

n
1 dum

ey = Lppe?|an]’, Ut = al A", 2 = a4
du,
W= al AL, = =diA 31

System Solution

The excitation is considered to be applied on long members. The
global EFEA system matrix is assembled for all of the long mem-
bers. Power transfer coefficients evaluated from analytical solutions
of semi-infinite members are utilized for generating the coupling
matrices [JCJ, between long members. The power transfer coeffi-
cients derived f)y Eqgs. (22-25) for the joints between short and long
members are employed for developing the joint matrices [J C]; for
long members connected through short ones. The power transfer
coefficients from Egs. (22-25) include the effect of the resonant
and dissipative characteristics of the short members in the power
transfer mechanism. The EFEA system of equations is solved first.
The distribution of the energy density over all of the long members
is evaluated. Equations (29-31) are employed to identify appropri-
ate boundary conditions on each short member of the system due to
the distribution of the energy density on the long ones. Each short
member is subjected to incoherent excitation from the presence of
a certain amount of energy density at every interface with a long
member. The boundary conditions originating from the energy den-
sity on the left edge of a short member are imposed first [Eqs. (29)
and (30)] on each short member. The FEA method is employed to
solve for the remaining FEA degrees of freedom {u]'} as

{15} = —[STR] ' [STau1 § (32

where {u}'} are the FEA degrees of freedom for a short member
subjected to boundary conditions originating from the e,, energy

~
— 2
L~
\. Member 1 Member 2
(long) (short)

Fig.2 Two-beam assembly utilized in the validation.

—

Member 2
(short)

\ Member 1

(longl)

\ Member 3

(long2)

Fig.3 Three-beam assembly utilized in the validation.

density at the joint with the left long member. In a similar man-
ner, {u3} can be computed from boundary conditions originating
from the e, energy density at the joint with the right long member
[Eq. (31)]. Because the excitations e,, and e, are incoherent, the total
response and the energy density distribution over the short member
are evaluated by adding up the response {u7'} and {«}} on an energy
basis. The effects from power reinjected in the long members is ac-
counted for in the solution because Eq. (28) includes, on the left side,
terms associated with both reflected power and power transmiited
from the other long member. The computation of the total response
is equivalent to a random analysis of a linear system subjected to
incoherent excitation, i.e., no cross-correlation terms between ex-
citations applied at different positions.’ Figure 1 summarizes the
hybrid computational process.

Validation

The validity of the basic research performed is demonstrated by
computing the flexural energy of several systems comprising long
and short members and comparing the numerical results to ana-
lytical solutions. The properties of the beams are selected so that
some constitute long members with several wavelengths present
within their length, and others can be considered short with only
a few wavelengths within their length. Variations of two primary
configurations of a two-beam (Fig. 2) and a three-beam (Fig. 3)
system are analyzed. The two-beam system comprises a long and a
short beam. One end of the short beam is clamped, and the other is
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Table 1 Configurations of the systems employed
in the validations

Length, m

System Member 1 Member 2 Member 3
1 3 1 NA

2 3 NA

3 3 0.5 NA

4 3 05 3

5 3 1 3

6 3 1 5.4

Table 2 Cross-sectional properties of beams employed
in the validation

Parameter Long beam Short beam
Young’s modulus of 19.5 x 1010 19.5 x 100
elasticity E, N/m?
Moment of inertia /, m* 9.365 x 10710 5.853 x 10711
Mass density p, kg/m3 7700 7700
Damping factor n 0.02 0.02
Cross-sectional area A, m® 1.935 x 1074 0.4839 x 104
Cross-sectional dimensions: 0.0254 x 0.00762 0.0127 x 0.00381

width x height, m

connected to the long member. Excitation is applied at the free end
of the long member. The three-beam system comprises two long
beams interconnected by a short one. Free-end boundary conditions
are considered for the two ends of the long beams that are not at-
tached to the short member. Excitation is applied at the free end of
the left long beam. Several configurations of these two systems with
variations imposed on the length of certain members are employed
in the validation (Table 1). The hybrid results are compared to an-
alytical solutions. The primary reason for selecting assemblies of
colinear beams for initiating the development of the hybrid method
is the availability of convenient analytical solutions for validating
the theoretical and numerical developments.

To simulate the ensemble-average behavior of the long members
in the analytical solution, a 4% variation is introduced in the length
of the long members.?6 The ensemble of systems incorporates all of
the effects of uncertainty associated with the long members, but it is
defined for a specific frequency.®* In the validation presented here,
it is preferred to introduce the uncertainty associated with the long
members through an ensemble of systems rather than frequency av-
eraging to better demonstrate in the solution the highly resonant
effects of the short member. The cross-sectional properties of the
long and the short members are summarized in Table 2. The appro-
priate properties for the long and the short members employed in the
midfrequency analyses are determined by considering several con-
figurations of cross-sectional properties for the two-beam system.
For every combination of cross-sectional properties, two systems
are evaluated analytically, a long—long and a long—short. The prop-
erties of the members are selected in a manner that amplifies the
difference between the analytical results obtained for the long—long
and the long~short configurations. The rationale for establishing this
selection process is for the long—short system to present the largest
possible differentiation from the long-long and, thus, the most chal-
lenging configuration for testing the new hybrid formulation. In the
selected configuration, the short member has lower bending rigidity
than the long member. Physically, the selection is justified because
the long member can excite the short member considerably more
when the latter has lower bending rigidity. The selected configu-
ration also demonstrates that the characterization of a member as
long or short depends on both the bending rigidity and its length. In
the configuration selected for the validation, the wavelength in the
short member is smaller than the wavelength in the long member;
however, the lengths of the beams become the determining factor of
quantifying them as long or short.

Analytical Solution

The newly developed midfrequency approach (hybrid FEA-
EFEA) is utilized to obtain a numerical solution that is compared

successfully with an analytical solution. The analytical solution for
a system of colinear beams is accomplished by a MATLAB® code.
The displacement solutions for each beam are considered. First for
a long member,

W[(X, t) — (Alevik/x -+ Ble—k[x + Cleiklx + Dlek,(x~L,))eiml (33)
and then for a short member,

W\' ()C, I) — (Axe_ik"x + B,e_k-“x + Cxeik_\-x + D-Yek,\»(x — L,\-))eiwt
(34)

where W,(x, t) is the analytical displacement solution of a long
member (function of x and 1), A, is the amplitude of the right travel-
ing far-field wave, By is the amplitude of the right traveling near-field
wave, C; is the amplitude of the left traveling far-field wave, Dy is
the amplitude of the left traveling near-field wave, &; is the complex
flexural wave number of the long member, L; is the length of the long
beam, w is the radial frequency, and W, (x,t), A,, B,, Cy, Dy, ki,
and L, are the corresponding expressions for a short member. A
separate reference system is utilized for each member. The origin is
positioned at the left end of each member. Then the power flow and
energy density are expressed in terms of the analytical displacement
solution.

Power flow in a beam is transmitted by shear and moment mecha-
nisms. For a long member the time-averaged power associated with
the shear force and the moment is

1 BW, [aW\"  82W, [ 3*W,\*
<q,>=5E11,Re{ ’(—’) - ’( ’)} 35

Ix3 \ ot x2 \ 9xot

and for a short member is

1 B3W, oW, \"  *W, /2W,\"
s) = zE R o - — —
90 =3 & e{ axs < a1 ) ax? <6x8t> } (36)

where subscripts / and s are associated with the long and the short
members, respectively.

The total energy density in a transversely vibrating beam is the
sum of its potential energy density V and kinetic energy density 7.
The time-averaged total energy density solution for the long member

18
(@ AN ERNER AN +1 aw, (oW, \" 37
e) = ——— riZ Srvel Barves
=375 ox \Uox2 2" o \ o )

and for a short member is

LEL [*W, (W, \"] 1 [aw, /oW, \"
€)= 7= =557 ) {+70] 5252
4 8, | ox ax 4 at at
(38)
Then substituting the displacement solutions [Eqgs. (33) and (34)]

into Eqs. (35) and (36) and calculating time-averaged energy density
result in the relationships

(er) = % (Eli/S) K" (— A= + Bre~hx — Creitss
+ Dlek,(x—L,))(__Ale#Iqx + Bie tr — Cret + D,ek’("'Ll))*
+ %ple(Ale*iqu + Be kx4 Crethix 4 Dlek,(x—L,))
x (Aje™M* + Ble™* + Cie™* + Dyttt L0 39
(o) = 3 (E1,/8) 2] (= Aseex 4 Behs — Cyeiber
+ D.‘vekx(x - L_\-))(_Ase—ik_‘x + Bse—kxx __Cxeik_\.x + Dxe/c_\-(x - L,\v))*
+ %pxw2(Ase~iksx + Bye 5% 4 Coeibr 4 Dyekix =L}

% (Ase~ik_\-x + Bse—k,\-x + Cxeik_\»x + D_\-Ek“ (x— L_\.))* (40)
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Finally, the energy density (e;) and {e,) are space averaged over one
wavelength to obtain the time- and space-averaged energy density
{¢;) and (&) in the long and the short members, respectively. In
all of the analyses, a unit load is applied on the system, and the
analytical solution for the ensemble average response is computed.
To introduce the ensemble-average behavior of the long members
in the analytical solution, a 4% variation® is introduced in the
length of the long members. The power input into the system is
also computed from the analytical solution, and it is defined as
excitation in the hybrid and the EFEA computations. Thus, in all
three solutions, the system is subjected to the same excitation.

Two-Beam System

An analysis is first performed at 493 Hz, which is a natural fre-
quency for the short member under clamped—free boundary condi-
tions. A detailed comparison between analytical and hybrid results
can be performed at a particular frequency where the behavior of the
system is expected to be dominated by the highly resonant effects
of the short member. Figure 4 presents results from the analytical,
the hybrid, and the EFEA computations.

To demonstrate the improvement achieved in the numerical so-
lution by the development of the hybrid formulation, the EFEA is
utilized as a representative high-frequency approach to model all of
the members of the systems utilized in the validation. The EFEA
results demonstrate the deficiency inherent to a high-frequency
method when simulating the behavior of a midfrequency system
due to its inability to capture the resonant behavior of the short
members. It can be observed that the EFEA cannot account for the
resonant behavior of the short member in the vicinity of its natural

0.06 T T T T . T T T
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0.05 | ~— EFEA 7
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t
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2
5 0.02f .
0.01f .
0 . . A . A . ) .
0 0.5 1 1.5 2 25 3 35 4 45
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Fig. 4 Analytical, hybrid, and EFEA results for the space-averaged
energy density for system 1: 493 Hz.
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Fig.5 Analytical and EFEA results for the space-averaged energy den-
sity in each member of system 2: 480500 Hz.

frequency and severely underpredicts its response. The hybrid so-
lution is a significant improvement, and the results correlate well
with the analytical solution for both the long and the short mem-
bers. To demonstrate that the lack of a large number of wavelengths
in the short member is the reason for the inaccuracy of the EFEA,
the length of the short member is extended (system 2) to increase
the number of wavelengths. Both members in the system become
long. EFEA results for the average energy density in each one of
the two members are presented in Fig. 5 along with analytical re-
sults for the frequency range 480-500 Hz. Significant improvement
in the correlation can be observed. The average energy density of
a member is computed by dividing the total energy of the mem-
ber by its volume. The average energy density of a member is uti-
lized as a variable that represents its overall behavior at a particular
frequency.

Results for the average energy density of the short and the long
members of system 1 in the frequency range 477-509 Hz are pre-
sented in Fig. 6. By comparison to Fig. 5, it can be observed that
the performance of the EFEA deteriorates because the right beam
becomes a short member. The EFEA solution severely underpre-
dicts the response of the short member because it can not account
for its highly resonant behavior. The hybrid solution agrees very
well with the analytical solution. The good correlation demonstrates
that the hybrid formulation accurately captures the power transfer
mechanism between a long and a short member and the resonant
behavior of the short member. In the FEA model of the short mem-
ber, 40 finite elements are utilized. The results for the total energy
in the system are presented in Fig. 7 for the analytical, the hybrid,

0.06 T T T T T v
—o— anal long
—~-—-  hybrid long
0.05F - EFEA long y
—#%— anal short
—&—  hybrid short
E
o.0al EFEA short

Energy Density (J/ma)
2
w

g
Q
>
-
L

0
475 480 485 490 495 500 505 510
Frequency {Hz)

Fig. 6 Analytical, hybrid, and EFEA results for the space-averaged
energy density for the members in system 1: 477-509 Hz.
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5F - hybrid system |
~+--  EFEA system
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4 d
475 480 485 430 495 500 505 510
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Fig. 7 Analytical, hybrid, and EFEA results for the total energy for
system 1: 477-509 Hz.
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Fig. 8 Analytical, hybrid, and EFEA results for the space-averaged
energy density of the beams in system 3: 417-449 Hz.
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Fig. 9 Analytical, hybrid, and EFEA results for the total energy for
system 4: 453-558 Hz.

and the EFEA solutions. Because the same amount of input power
is defined as excitation in all three solutions, it is expected that the
results for the total energy in the system are the same for all three
methods. The differentiation in the results occurs in the predicted
distribution of energy between members. The trend in the results re-
mains the same if the length of the short member is reduced t0 0.5 m
(system 3). Figure 8 presents results for the average energy density
in the short and long members in the frequency range 417-449 Hz.
The new frequency range is selected in a manner that contains a
resonant frequency of the system. Again the EFEA underpredicts
the behavior of the short member, whereas the hybrid finite element
analysis presents good correlation to the analytical results.

Three-Beam System

Results for a three-beam system are also presented (system 4). An
analytical solution is derived for reference in a manner similar to the
two-beam system. Equations (33) and (34) are employed to simulate
the long members and the short member, respectively. Results for
the total energy in the system are presented in Fig. 9 for a frequency
range 453-558 Hz. The selected frequency range includes four res-
onant frequencies for the system. In two resonant frequencies, the
EFEA underpredicts the behavior of the short member, and in the
other two resonant frequencies, the EFEA overpredicts the behavior
of the short member. Results computed by all three methods for the
total energy in the system are presented first in Fig. 9. Because the
same input power is specified as excitation in all three solutions, it is
expected that all of them will demonstrate the same amount of total
energy at each frequency. The good agreement observed in Fig. 9
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Fig. 10 Analytical, hybrid, and EFEA results for the space-averaged
energy density for the left long beam in system 4: 453-558 Hz.
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Fig. 11 Analytical, hybrid, and EFEA results for the space-averaged
energy density for the short beam in system 4: 453-558 Hz.

validates that dissipation of energy is preserved in all three solutions.
The distribution of the energy among the members differentiates the
hybrid from the EFEA solution. The averaged energy density for the
left long member, the short member, and the right long member are
presented in Figs. 10, 11, and 12, respectively. There is excellent
agreement between the hybrid and the analytical solutions for all
of the members throughout the frequency range. The EFEA at two
resonant frequencies underpredicts and at two resonant frequencies
overpredicts the response of the short member. Results for the dis-
tribution of the space-averaged energy density over each member
are presented in Figs. 13 and 14 for the resonant frequencies of
460 and 523 Hz. In the former frequency, the EFEA underpredicts
the response of the short member, overpredicts the response of the
excited long member, and underpredicts the response of the receiv-
ing long member. The exact opposite behavior is observed in the
latter frequency. Thus, it is demonstrated that the inability of the
EFEA to capture the distinct modal behavior of the short member
does not only affect the response of the short member, but it also
affects the power flow throughout the system. The hybrid formu-
lation captures correctly the power transfer mechanism because it
propetly accounts for resonant effects, energy dissipation, power
balance, and power reinjection. The good correlation between the
hybrid and the analytical solution for the three-beam system also
demonstrates that the power transfer coefficients computed by the
hybrid joint formulation capture correctly the effect from the reso-
nant behavior and the dissipative characteristics of the short member
on the power transfer mechanism. In addition, the incoherent nature
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Fig. 12 Analytical, hybrid, and EFEA results for the space-averaged
energy density for the right long beam in system 4: 453-558 Hz.
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Fig. 13 Analytical, hybrid, and EFEA results for the space-averaged
energy density in system 4: 460 Hz.
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Fig. 14 Analytical, hybrid, and EFEA results for the space-averaged
energy density in system 4: 523 Hz.

of the interaction between the long and the short members at the
joints represents a valid assessment because in the three-beam sys-
tem it is critical for capturing correctly the response of the short
member and the power reinjection in the excited member.

Two more three-beam systems are analyzed by increasing the
length of the short member and by extending the length of the sec-
ond long member. First, the length of the short member is increased
to 1 m (system 5), and the simulations are repeated. The observed
trends remain the same. Results are presented for the average en-
ergy density in each member over the frequency range 446551 Hz
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Fig. 15 Analytical, hybrid, and EFEA results for the space-averaged
energy density for all members in system 5: 446-551 Hz.
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Fig. 16 Analytical, hybrid, and EFEA results for the space-averaged
energy density for all members in system 6: 444-552 Hz.

(Fig. 15). The good correlation between the hybrid and the ana-
lytical solution is retained. The length of the right long member is
then extended from 3 to 5.4 m (system 6). This modification al-
ters the boundary conditions between the three members. It also
increases the importance of the resonant behavior of the short mem-
ber because the power transferred to the right long member strongly
depends on the amount of energy in the short beam. Results for the
average energy density in each member over the frequency range
444-552 Hz are presented in Fig. 16. The hybrid solution presents
good correlation to the analytical results.

Overall, several configurations of colinear beam systems are ana-
lyzed. From the results it is evident that the hybrid method developed
in this work captures correctly the energy in the short members, the
overall response of the system, and the effect of resonant behavior
in the power flow between members. The hybrid method improves
significantly the numerical predictions in the midfrequency range
compared to the results obtained by a high-frequency approach.
The consistently good correlation between the hybrid solution and
the analytical results for several system configurations and over ex-
tended frequency ranges demonstrates the proper development and
implementation of the coupling between EFEA and FEA solutions
and the overall validity of the hybrid formulation.

Conclusions

The theoretical development of a hybrid finite element formula-
tion suitable for midfrequency vibration simulations is presented.
During this fundamental development, the formulation for systems
of colinear beams is pursued because simple analytical solutions
can be readily available to validate the numerical results. During
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the theoretical development, no assumptions are made that would
prohibit the extension of this work to members with multiple types of
waves or to members connected at arbitrary angles. Several systems
of colinear beams are analyzed, and comparisons are made between
analytical solutions, hybrid numerical results, and high-frequency
EFEA solutions. Good correlation is observed consistently between
the analytical solutions and the hybrid finite element results. The
EFEA results are consistently inaccurate because the resonant ef-
fects of the short members are important to the overall behavior of
the system.
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